What is a number? The number sense hypothesis suggests that numerosity is "a primary visual property" like color, contrast, or orientation. However, exactly what attribute of a stimulus is the primary visual property and determines numbers in the number sense? To verify the invariant nature of numerosity perception, we manipulated the numbers of items connected/enclosed in arbitrary and irregular forms while controlling for low-level features (e.g., orientation, color, and size). Subjects performed discrimination, estimation, and equality judgment tasks in a wide range of presentation durations and across small and large numbers. Results consistently show that connecting/ enclosing items led to robust numerosity underestimation, with the extent of underestimation increasing monotonically with the number of connected/enclosed items. In contrast, grouping based on color similarity had no effect on numerosity judgment. We propose that numbers or the primitive units counted in numerosity perception are influenced by topological invariants, such as connectivity and the inside/outside relationship. Beyond the behavioral measures, neural tuning curves to numerosity in the intraparietal sulcus were obtained using functional MRI adaptation, and the tuning curves showed that numbers represented in the intraparietal sulcus were strongly influenced by topology.
What is a number? The number sense hypothesis suggests that numerosity is "a primary visual property" like color, contrast, or orientation. However, exactly what attribute of a stimulus is the primary visual property and determines numbers in the number sense? To verify the invariant nature of numerosity perception, we manipulated the numbers of items connected/enclosed in arbitrary and irregular forms while controlling for low-level features (e.g., orientation, color, and size). Subjects performed discrimination, estimation, and equality judgment tasks in a wide range of presentation durations and across small and large numbers. Results consistently show that connecting/ enclosing items led to robust numerosity underestimation, with the extent of underestimation increasing monotonically with the number of connected/enclosed items. In contrast, grouping based on color similarity had no effect on numerosity judgment. We propose that numbers or the primitive units counted in numerosity perception are influenced by topological invariants, such as connectivity and the inside/outside relationship. Beyond the behavioral measures, neural tuning curves to numerosity in the intraparietal sulcus were obtained using functional MRI adaptation, and the tuning curves showed that numbers represented in the intraparietal sulcus were strongly influenced by topology.
number | numerosity perception | topological invariants | global-first topological perception | functional MRI adaptation W hat is a number? The answer to this age-old and fundamental question of philosophy has increasingly benefited from recent scientific investigation using psychology and neuroscience. The number sense hypothesis (1, 2) suggests that a number is "a basic property of the environment" (3) and particularly, because of its remarkable adaptation effect, "a primary visual property" (2) , like color, contrast, or orientation (2) (3) (4) (5) (6) (7) (8) . However, exactly what attribute in the environment is the primary property and determines numbers in the number sense, or more concretely, what is counted in numerosity perception? Consider the invariant nature of numerosity perception. It is self-evident that numerosity is invariant to specific features (e.g., orientation, size, shape, and color) of individual items to be counted. In other words, the primitive units to be counted must be invariant with variation in form dimensions and other visual features (2, 3, 7, (9) (10) (11) . Then, the critical question becomes how to define precisely such abstract and invariant attributes.
Results
Generalizing Connection to a Topological Invariant: Connectivity. We designed arbitrary and irregular shapes of connecting line segments (Fig. 1A , Upper) to test the invariant effect of connection on numerosity judgement independent of the concrete forms or manners of connection (12, 13) . Three conditions of connection were constructed: zero, one, and two connected pairs of dots in the test patterns (Fig. 1A) . A typical numerosity discrimination task was adopted, in which two visual patterns of dots were briefly presented on opposite sides of fixation (one serving as a reference and the other one serving as a test), and subjects were asked to indicate which contained more dots. The reference patterns contained a fixed number of 12 dots, whereas the test patterns ranged from 9 to 15 dots. Results show that connecting dots led to robust numerosity underestimation, and the extent of underestimation increased monotonically with the number of connected dots, which was shown by the increased value in the point of subjective equality [PSE; PSEs = 12.01, 12.85, and 13.15, respectively; F(2,6) = 21.63; P < 0.006] (Fig. 1A, Lower) . The psychometric functions for three conditions of connectivity were otherwise similar, with no significant differences in slope (0.261, 0.239, and 0.271, respectively; P > 0.49).
To further test the abstract and invariant nature of the effect of connection on numerosity, we varied the manners of connecting while controlling for the location and number of the dots on the connecting line segments. Connecting line segments protruded through rather than ended on dots (Fig. 1B, Upper Left) , and three rather than two dots were connected by a single line segment (Fig. 1B, Upper Right) . Regardless of the specific manners of connecting, these connections induced numerosity underestimation in all conditions (Fig. 1B , Upper and Fig. S1 A and B) .
We also manipulated the shapes of items connected. In one condition, the reference patterns had circular dots, whereas the dots in the test patterns were changed to triangles (Fig. 1B , Lower Left). In another condition, both the reference and test patterns contained mixed circular dots and triangles, and in the test patterns, either two identical or two different shapes were connected (Fig. 1B , Lower Right); subjects were required to make their judgment based on dots and triangles together. Although different shapes were connected and the shapes remained clearly visible, results again showed numerosity underestimation because of connection ( In the experiments above, we manipulated various forms and manners of connections and found robust and systematical numerosity underestimation because of connection. Such arbitrary and irregular forms of connections indicate that the intuitive
Significance
What is a number? The answer to this age-old and fundamental question of philosophy has increasingly benefited from recent scientific investigation using psychology and neuroscience. To verify the invariant nature of numerosity perception, we manipulated the numbers of items connected/enclosed in arbitrary and irregular forms while controlling for various low-level visual features in different tasks and across small and large numbers. Results were consistent with the topological account, namely that numbers were strongly influenced by topological invariants (connectivity and the inside/outside relationship): connecting/enclosing items led to robust numerosity underestimation, with the extent of underestimation increasing monotonically with the number of connected/enclosed items. Brain image results also provided evidence that numbers represented in the intraparietal sulcus were influenced by topology.
notion of connection (12, 13) could be understood precisely and generally from the perspective of the invariants over shape change transformations. Topological transformation can be imagined as rubber sheet deformations but disallowing tearing apart or gluing together parts. Topological properties are the ones that remain unchanged by such continuous deformations. In this kind of rubber sheet distortion (smooth shape deformations), connectivity remains invariant and hence, is a topological property. This topological analysis led us to systematically manipulate the topological invariant of connectivity in configural processing (14) (15) (16) to measure its effect on numerosity judgments in the above experiments.
Generalizing to Another Topological Invariant: The Inside/Outside Relationship. If the primitive units to be counted are essentially influenced by topology, we should predict more experimental phenomena that are not necessarily consistent with our intuition about numerosity perception but are consistent with topology. We tested the topological account further with another topological property (that is, the inside/outside relationship). Intuitively, the inside/outside relationship does not seem to have fundamental effect on numerosity. Nevertheless, the topological analysis predicts that enclosing dots, like connecting dots, might also lead to numerosity underestimation, because multiple dots enclosed within a hollow figure should be perceived as a holistic perceptual unit. Four randomly oriented ovals were distributed in the dot array, with zero, one, or two ovals each enclosing a pair of dots ( Fig. 2A, Upper) . Results showed that, when dots were enclosed in the ovals, an underestimation of numerosity occurred in a manner that directly depended on the number of enclosed dot pairs [PSEs = 12.19, 13.32, and 14.21, respectively; F(2,6) = 118.26; P < 0.001] (Fig. 2A, Lower) . Again, no significant difference of the mean slopes of the psychometric functions was observed (0.157, 0.173 and 0.174, respectively; P > 0.46).
According to topology, the inside/outside relationship remains invariant over shape change deformations. The numerosity Illustrations of the zero-, one-, and two-connected test patterns with 12 dots, the fitted psychometric functions of a representative subject, and the PSEs of four subjects for three connected conditions. Irregular lines were used to make connections between dots. The proportion of trials in which the test patterns were judged to contain more dots than the reference pattern is plotted against the actual number of dots in the test patterns. There is a rightward shift of the psychometric functions across the zero-, one-, and two-connected conditions. (B) Illustrations of test patterns in which a line segment protruded through two or three dots and triangles and mixtures of triangles and circular dots were used. Corresponding results are shown under each test pattern. Numerical underestimation was consistently found with all of these test patterns, which represented connectivity in different manners. (C) Illustrations of test patterns extending from large to small numbers (eight to two dots), psychometric functions of a representative subject, and the PSEs of two subjects. Only connected test patterns were illustrated here. (D) Illustrations of test patterns of small numbers (one to three dots). A pair of test patterns to be compared in the equality judgment is depicted vertically. (E) Illustrations of the "augmented 2 vs. 3" conditions. Test patterns are designed specifically to test against the "general difficulty" argument. In A and C, data from individual subjects are shown with their 95% confidence intervals. Orange, green, and blue indicate the zero-, one-, and two-connected conditions, respectively. In B, data from individual subjects are shown with their 95% confidence intervals as well as means and SEMs. The open symbols in B indicate individual subjects. The dark gray in B indicates the connected conditions. The dotted and dashed lines in B indicate the two test patterns connecting identical and different shapes, respectively. CO, connected; Subj, subject; UNCO, unconnected.
underestimation caused by the inside/outside relationship should, therefore, survive changes in specific shapes of hollow figures. This principle was tested by replacing the regular oval with an irregular hollow figure (Fig. 2B , Upper). Enclosing zero, two, or four dots by the irregular hollow figure led, once again, to systematic numerosity underestimation [PSEs = 12.22, 12.62, and 13.68, respectively; F(2,6) = 10.72; P < 0.046], with no significant differences in the mean slopes of the psychometric functions (0.150, 0.176, and 0.171, respectively; P > 0.60) (Fig. 2B, Lower) .
As a check, we removed the inside/outside relationship by breaking the enclosing contour into four segments while keeping the same dot locations as in Fig. 2B and minimizing changes of the contour in other geometrical features, such as distribution pattern and density (Fig. 2C , Upper Left). Under this condition, no underestimation was found (Fig. 2C , Upper Right). In one additional experiment, for further minimizing changes caused by breaking the enclosing contour, only one of four segments was moved (Fig. 2C , Lower Left). Nevertheless, underestimation was abolished after the inside/outside relationship was removed (Fig. 2C , Lower Right). Together, these results indicate that it is the inside/outside relationship, a topological invariant, that influences the numerosity underestimation.
Task Independence of Connectivity Effect: Numerosity Estimation. It might be argued that, in the numerosity comparison task performed in the above experiments, the comparison judgment could be confounded by other perceptual attributes of the displays, such as density or area, and other local features rather than being based on the actual representation of dot numerosity (17) (18) (19) (20) (21) (22) (23) (24) . We, therefore, used, instead of the comparison task, a subjective estimation task, which required observers to report the number of dots directly (19) . If the topological account is generally valid, numerosity underestimation caused by connectivity should be task-independent. Results for this task again showed the connectivity effect: dot numerosity underestimation effects were proportional to the numbers of connected pairs of dots [PSEs = 12.68, 12.91, and 13.27, respectively; F(2,6) = 14.64; P < 0.009], and no significant differences in the mean slopes of the psychometric functions were observed (0.31, 0.32, and 0.31, respectively; P > 0.9) (Fig. S2 ).
Set Size Independence of Connectivity Effect: Extending from Large to Small Numbers. The generalizability of the connectivity effect on numerosity was tested across set sizes by reducing the number of dots tested into the range of two to eight (the reference pattern containing five dots), a range that spans the boundary between small and large numbers suggested by previous work (25) (26) (27) (28) (29) (30) (31) (32) (33) . Simple straight line segments were used to connect dots (Fig. 1C) . Once again, a reliable connectivity effect on numerosity discrimination was found (Fig. 1C) .
We further zoomed into the typical range of small numbers (one to three dots) and used, as is typical for studying small numbers, reaction times (RTs) to measure the connectivity effect. In an equality judgment task, subjects were required to report whether the left and right dot arrays contained the same or different numbers of dots under either the zero-or one-connected condition (Fig. 1D) . With respect to the "same" response to "2 Orange, green, and blue indicate the zero-, one-, and two-enclosed conditions, respectively, and in C, the three corresponding control conditions, respectively. Subj, subject.
vs. 2" (Fig. 1D, Middle) , connecting the two dots changed the units to be counted into "1 vs. 2," which made it difficult to arrive at the same response, resulting in a longer RT [F(1,11) = 12.53; P < 0.005]. With respect to the "different" response to "1 vs. 3" (Fig.  1D , Left) and "2 vs. 3" (Fig. 1D, Right) , two-way ANOVA indicated that there were also significant effects of connectivity The error data showed corroborating trends. Here, connecting two dots in the three-dot pattern led to a reduced effective numerical distance based on topological units (SI Results, Figs. S3 and S4, and Table S1 ), resulting in longer RTs compared with unconnected conditions.
It might be argued that the longer RTs, consistently reported in the above experiment, may be caused by general difficulties produced by adding connecting lines onto dots but not caused by connectivity per se. To test against this point, we designed an augmented 2 vs. 3 condition, in which the two dots were connected while the three dots were unconnected (Fig. 1E, Right) . If topological connectivity is important, this design will increase the effective numerical distance between the alternatives and should result in a shorter RT in the comparison task (34) . The result for the 2 vs. 2 condition from the previous experiment was replicated (Fig. 1E, Left) . Nevertheless, the augmented 2 vs. 3 condition, indeed, resulted in a shorter RT [F(1,13) = 5.72; P < 0.03] (Fig.  1E , Right) in contrast to the longer RT with the three-dot array, in which two dots were connected (Fig. 1D, Right) . The error data showed corroborating trends. This result ruled out the argument of general difficulties. Together, results from the experiments (Fig.  1 D and E) support the topological account for small numbers as well.
Strong Topological Effects at Short Presentation Durations: Topological
Precedence. In numerosity perception, potentially different specific mechanisms of numerosity judgment may be engaged at different temporal scales (35, 36) . The above experiments mostly used presentation durations of only 200 ms. We extended the temporal span to 50, 100, 200, and 1,000 ms to investigate the time dependence of topological effects on numerosity perception. The stimuli and procedures were otherwise the same as in the experiments (Fig. 1A) . In the zero-connected condition, the perceived dot numerosity (PSEs) remained constant across four presentation durations [F(3,15) = 0.89; P > 0.43], whereas in the two-connected condition, underestimation was observed across all four durations [F(1,5) = 55.85; P < 0.001]. More interestingly, however, the underestimation effect interacted with presentation duration [F(3,15) = 13.59; P < 0.001] was strongest at the shortest duration, gradually decreasing with increasing durations (Fig. 3A) . The slopes of the psychometric functions increased with duration [F(3,15) = 45.07; P < 0.0003] but were not significantly different between the zero-and two-connected conditions [F(1,5) = 2.04; P > 0.21] (Fig. 3A, Inset) .
We also extended the temporal span of stimulus presentation in the inside/outside conditions. Zero-and two-enclosed conditions behaved similarly to zero-and two-connected conditions, respectively (Fig. 3B) . The underestimation effect in the twoenclosed condition was strongest at the shortest duration, gradually decreasing with increasing durations [F(3,15) = 12.62; P < 0.01] (Fig. 3B) . The slopes of the psychometric functions increased with duration [F(3,15) = 72.16; P < 0.001] but were not significantly different between the zero-and two-enclosed conditions [F(1,5) = 2.92; P > 0.14] (Fig. 3B, Inset) .
The finding that the strongest topological effect occurred at the shortest presentation duration may seem counterintuitive, but it is consistent with the "global-first" theory of topological perception. [The global-first theory of topological perception holds that a primitive and general function of the visual system is the perception of topological properties. The time dependence of perceiving form properties is systematically related to their structural stability under change in a manner similar to the Klein hierarchy of geometries: in a descending order of stability (from global to local), topological, projective, affine, and Euclidean invariants (15, 37) . A basic point of the global-first theory is that a more stable property would be more primitive and more important to be extracted early in the cognitive process, and topological properties are the most stable properties in relation to other geometrical properties and extracted early to serve as the starting point of object perception. With respect to the relation between topological perception and perception of local features as well as the relation between bottom-up and top-down processes, the strength of the topological account is reflected in its bottom-up and task-irrelevant nature, overriding the top-down tasks based on local features.]
Lack of Effect of Color Grouping on Numerosity Judgments. One might argue that the numerosity-related effects observed in the above experiments are just because of general Gestalt-like grouping and are not specific to topological invariants (connectivity and inside/outside relationship). If this argument were true, color, as a salient grouping cue, would affect numerosity judgment. We, therefore, tested the effect of color-based grouping on numerosity judgment. Instead of connecting pairs of dots, we colored pairs of neighboring dots red (Fig. 4A) . Otherwise, the stimuli and procedure were the same as in the experiment in Fig.  1A . Despite the obvious grouping effect produced by color, no numerosity underestimation effect was observed under the color grouping conditions [F(2,18) = 1.30; P > 0.28] (Fig. 4A) . This result is consistent with a previous report that, in static displays, color similarity had no effect on numerosity (38) . This result indicates that it is the topology-defined units per se rather than clusters of general grouping based on similarity that are counted in numerosity judgment.
Furthermore, instead of using color similarity to promote grouping of pairs of dots, we introduced a color difference to disturb grouping based on connectivity and the inside/outside relationship to see if topological units could survive the disruption of grouping by color. Red-colored connecting lines and hollow figures were used (Fig. 4B) . The stimuli and procedures were otherwise the same as in the experiments (Figs. 1A and 2A, respectively) . The connected and connecting parts or the enclosed and enclosing parts differed in color, which intuitively at the phenomenal level, would reduce the grouping of two neighboring dots based on connectivity and the inside/outside relationship. Nevertheless, there was no noticeable color-induced reduction in the underestimation effect caused by the topological relations (Fig. S5) . Together, these experiments with color manipulations show that the numerosity underestimation was based on the topology-defined units rather than caused by a general grouping effect.
Neural Response in the Intraparietal Sulcus to Topology-Defined
Numerosity Units: Functional MRI Adaptation Study. We also investigated the neural correlates of topology-defined numerosity units. Neural activation was assessed in the lateral intraparietal 
sulcus (IPS)
, which is commonly considered responsible for numerical representation (4, (39) (40) (41) (42) (43) (44) (45) (46) (47) (48) (49) (50) (51) (52) (53) , using an established method of functional MRI (fMRI) adaptation for the study of numerosity perception (4). Neural tuning curve shift caused by connectivity in probes. Subjects were adapted to continuously refreshed reference patterns of 10 dots with no dots connected (zero-connected) and tested with occasional interpolated probes containing variable numbers of dots (5, 6, 8, 10, 12, 16, or 20) . These probes included two connected conditions: zero and three connected pairs of dots (Fig. 5A ). In the intraparietal sulcus, a cluster of voxels showing an fMRI numerosity adaptation effect was identified for each participant using data from the zero-connected condition by contrasting fMRI activation to probes of 5 and 20 dots with that to probes of 10 dots (Fig. 5B) . In the identified cluster (Table S2) , the fMRI activation for zero-connected probes showed classical U-shaped adaptation curves as expected (4), with reduced activation near 10, the dot number of the adaptor: in the Gaussian fits (Fig. 6) , the minimum in activation is found at 10.45 in the left intraparietal sulcus (r 2 = 0.79) and 9.86 in the right intraparietal sulcus (r 2 = 0.91). With the three-connected probes, U-shaped adaptation curves were also obtained; importantly, however, these curves were shifted systematically rightward, with the lowest activation occurring at 11.99 in the left intraparietal sulcus (r 2 = 0.64) and 11.70 in the right intraparietal sulcus (r 2 = 0.90) without a loss of precision as indexed by the similar widths of the tuning curves (Fig. 6) . Thus, connection of dot pairs leads to a decrease of encoded numerosity in the intraparietal sulcus. Neural tuning curve shift caused by connectivity in adaptors. The threeconnected 10-dot patterns were also used as the adaptors (Fig.  5A) . Otherwise, the stimuli and procedures were the same as in the condition of zero-connected adaptors. For the threeconnected probes, the strongest adaptation occurred when the probe had the same number of dots as the adaptors, with the lowest activation at 9.92 in the left intraparietal sulcus (r 2 = 0.90) and 10.02 in the right intraparietal sulcus (r 2 = 0.67) (Fig. 7) . Importantly, for the zero-connected probes among the threeconnected 10-dot adaptors, the strongest adaptation occurred below the number 8, approaching the number of connected units in the adaptors [7. 70 in the left intraparietal sulcus (r 2 = 0.58) and 7.98 in the right intraparietal sulcus (r 2 = 0.79)] (Fig. 7 and Table S3 ). These fMRI results together showed that the process of adaptation in the intraparietal sulcus was influenced by connectivity and not purely by the number of dots per se. Thus, behavioral measures as well as fMRI adaptation provided converging evidence supporting the hypothesis that the primitive units counted in numerosity perception are influenced by topological invariants.
Discussion
The results of this series of behavioral and fMRI experiments supported the topological account: connecting or enclosing items led to robust numerosity underestimation and neural tuning curve shift, and the extent of underestimation increased monotonically with the number of connected or enclosed items. In contrast, coloring items had no effect on numerosity judgments and neural tuning curves (SI Discussion, Fig. S6 , and Tables S4 and S5 ).
The general validity of the topological account was strengthened by testing different kinds of topological invariants: connectivity and the inside/outside relationship. Intuitively, the inside/ outside relationship does not seem to have a fundamental effect on numerosity. Nevertheless, enclosing the items caused the same underestimation as connectivity. This result may seem counterintuitive but is predicted by the topological account, because the inside/outside relationship and connectivity both are topological invariants, although they look quite different in configuration. Furthermore, the general and abstract natures of topological invariance of connectivity and the inside/outside relationship were highlighted by the robust effects observed across many different manners of connecting and enclosing, including with arbitrary and irregular forms (Figs. 1, 2, 4B , and 5A and Figs. S2-S4), protruding through (not only ending on) dots (Fig. 1B) , connecting one or three (not only a pair of) dots by a single line (Fig. 1B  and Fig. S4), and coloring connecting or enclosing lines (Fig. 4B) , (ROI) with high sensitivity for numerosity adaptation effect identified in individual participants in the intraparietal sulcus and (Lower) the corresponding blood oxygen level-dependent (BOLD) response to variable probes under adaptation. After adapting to the zero-connected adaptors, the curves for the three-connected probes were shifted systematically rightward compared with those for the zero-connected probes. Different colors depict ROIs of different subjects. Error bars indicate SEMs of individual subjects. n hab , estimated effective adaptor number; r 2 , goodness of fitting.
while controlling for various nontopological and low-level visual features, such as dot distribution and item shapes. The general validity of the topological account was also supported by the facts that the presence of the topological effect on numerosity is task-independent, time-independent, and set sizeindependent, which was revealed in this study. The task independence of topological effect on numerosity was shown by the fact that the subjects performed the discrimination task (Figs. 1 A-C, 2, 3, and 4), the estimation task (Fig. S2 ), the equality judgment task (Figs. 1 D and E and Fig. S4 ), and the fMRI adaptation task (Fig. 5A and Fig. S6 ) in different experiments with PSEs or RTs as dependent measures. The time independence of the presence of the topological effect was shown by the wide range of presentation durations (from 50, 100, and 200 to 1,000 ms), in all of which numerosity underestimation was observed. The presence of the topological effect at the short presentation durations (<200 ms) also rules out an eye movement explanation of the effects. The set size independence was shown by the range of dot numbers tested, which was across the boundary of small and large numbers. In contrast, the color-based grouping had no significant effect on numerosity underestimation. This result supported the general validity of the topological account from another perspective, namely that the units to be counted are influenced by topological organization per se rather than general Gestalt-like similarity grouping.
Beyond the behavioral measures, the neural tuning curves to numerosity obtained from fMRI adaptation show that the numerosity units represented in intraparietal sulcus were influenced by topology. Importantly, the fMRI adaptation results revealed the neural basis of the behavioral observation and provided converging evidence supporting the topological account. Because the intraparietal sulcus is not directly sensitive to low-level image features, these results have the additional advantage of being free from lowlevel and nontopological feature confounds (2, 20, 21) .
A major challenge to the topological account might be that the underestimation is because of general visual degradation or increased task difficulty caused by adding connecting or enclosing lines rather than because of the reduction of the numbers of topology-defined units per se. This interpretation can be rejected for the following reasons. In the experiment in which RT was measured (Fig. 1E) , adding line segments to make connections led to shorter RTs in the numerosity comparison judgments (because of the increase of the effective numerical distance determined by connectivity-defined units), despite the possibility that adding connecting lines might increase the general visual difficulty. Also, in these behavioral and fMRI experiments, adding connecting or enclosing lines did not affect the slope of psychometric functions (Figs. 1A and 2 A and B) , reflecting the precision of the dot numerosity representation. Notably, in the experiments extending the temporal span of presentation (Fig. 3) , while the slope of the psychometric functions increased with duration, the slopes were not different between the connected and unconnected conditions (Fig. 3, Insets) . These results mean that, in these experiments, connecting dots by lines did not reduce the dot discriminability and that subjects consistently and reliably underestimated the number of dots without suffering from reduced precision.
In summary, the topological approach has allowed the fundamental philosophical question of what is a number to be studied using psychology and neuroscience in a precise and concrete way as shown in this series of behavioral as well as fMRI experiments. The results lead to the intriguing suggestion that numerosity, a basic property of the environment (1, 3) and a primary visual property (2), may be formally described in terms of topological invariants.
Materials and Methods
Subjects. One hundred thirty-eight subjects between 18 and 25 y old participated in the behavioral and fMRI experiments. All had normal or corrected-tonormal vision, and the subjects who participated in experiments with color manipulations had normal color vision. The subjects gave written informed consent in accordance with procedures and protocols approved by the Institutional Review Board of the Beijing Center for Brain Research.
Stimuli. In the test patterns for investigating the connectivity effect (Figs.  1, 3 , and 4B and Figs. S2-S4), some of lines could link a pair of dots to form, depending on how many pairs of dots were connected, zero-, one-, or two-connected patterns. The lines used in Fig. 1 were designed to have arbitrary and irregular shapes.
In the test patterns ( Fig. 2 A and B) for investigating the inside/outside effect, ovals and irregular hollow figures were used to form, depending on how many pairs of dots were enclosed, zero-, one-, or two-enclosed patterns. Other than the numbers of dots enclosed, there was no systematic difference in shape, orientation, and location of these ovals and irregular hollow figures between the three enclosed conditions.
In all behavioral experiments (except the experiments in Fig. 1 C-E) , the number of dots in the test patterns varied symmetrically around the reference number 12 across the seven numbers: 9-15.
In the experiment in Fig. 1C , the number of dots in the test patterns varied across the seven numbers two through eight, with the reference patterns containing five dots.
In the experiment in Fig. 1D , there were three comparisons: 1 vs. 3, 2 vs. 2, and 2 vs. 3 dots, and in the connected condition for 2 vs. 3 comparison, dots were connected only in the three-dot patterns.
In the experiments in Fig. 1E , for the augmented 2 vs. 3 condition, a pair of dots in the two-dot array rather than in the three-dot array (Fig. 1D , Right) was connected (Fig. 1E, Right) .
In the test patterns to examine the color grouping effect, colored pairs of neighboring dots (Fig. 4A) and colored lines and hollow figures (Fig. 4B) were red [International Commission on Illumination (CIE) chromaticity coordinates and luminance value: x = 0.625, y = 0.343, and 15.6 cd/m 2 ], and red straight lines and red hollow figures were used to make zero-and twoconnected conditions or zero-and two-enclosed conditions, respectively (Fig.  4B) . Colors of these circular dots, lines, and hollow figures were clearly visible under the experimental conditions.
Procedures. In the discrimination paradigm (Figs. 1 A-C, 2, 3, and 4), two visual patterns, one serving as a reference and the other serving as a test, were displayed in the left and right hemifields of a subject, respectively, for 200 (Figs. 1 A and B, 2, and 4) or 100 ms (Fig. 1C) . The left vs. right placement of the reference and test patterns in each trial was randomized and balanced in each block. After the participant's response, a new trial started after a delay randomly selected between 500 and 1,000 ms. The participants were instructed to maintain fixation on the green cross at the center of the screen. The task was to determine whether the left or right pattern had more dots, without particularly emphasizing whether the dots were free standing or connected to a line. In the experiments in Fig. 1B , subjects were required to make their judgment based on dots and triangles together. Five blocks each with 336 trials were run. Before each experiment, 30 practice trials were given. No feedback was given, and there was no pressure on response speed.
In the estimation paradigm (Fig. S2) , a test pattern alone was presented for 100 ms at the center of screen, replacing the fixation cross. Subjects were instructed to judge whether the test pattern contained more or less than 12 dots, without particularly emphasizing whether the dots were free standing or connected to a line, by pressing one of the labeled keys.
In the equality judgment paradigm (Fig. 1 D and E and Fig. S4 ), two patterns were presented for 100 ms in the left and right hemifields, and subjects were asked to determine whether the two patterns contained the same or different numbers of dots. Subjects were asked to respond as quickly and accurately as possible, and their RTs were recorded. No feedback was given.
Data Analysis. Performances were quantified as the percentage of the test patterns judged to contain more dots than the reference patterns. Psychometric functions for the different connected or enclosed conditions were generated by fitting a cumulative Gaussian sigmoid curve using the Psignifit toolbox software for MATLAB (version 2.5.6; bootstrap-software. com/psignifit/) (Tables S6-S9) (54) .
fMRI Adaptation. Structural and functional images were acquired with 3-T scanners (TRIO or Prisma; Siemens) using a magnetization-prepared rapid gradient echo sequence and a gradient echo planar imaging sequence, respectively. A standard 12-or 20-channel head coil was used. Visual stimuli were projected on a rear projection screen placed 70 cm from the participants' eyes and viewed through an angled mirror attached to the head coil.
Subjects were instructed to monitor the number of dots in the display while maintaining fixation on a small green cross (0.4 × 0.4°visual angle) at the center of the screen during a run. To facilitate their fixation, they were required to detect an occasional (two or four times in each run) increase in size of the cross (0.8 × 0.8°visual angle) lasting for 50 ms. The stimuli are illustrated in Fig. 5A .
The stimuli, procedures, and tasks are also illustrated in Figs. 1, 2, 4, and 5 and Figs. S3 and S4. More details are given in SI Materials and Methods.
